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Abstract

A volume integral equation method (VIEM) is introduced for the solution of elastostatic problems in an unbounded isotropic elastic
solid containing interacting multiple isotropic inclusions subject to uniform remote tension or in-plane shear. This method is applied to
two-dimensional problems involving long parallel cylindrical inclusions. A detailed analysis of the stress field at the interface between
the matrix, and the central inclusion is carried out for square and hexagonal packing of the inclusions. The effects of the number of iso-
tropic inclusions and various fiber volume fractions on the stress field at the interface between the matrix and the central inclusion are
also investigated in detail. The accuracy and efficiency of the method are examined in comparison with results obtained from analytical

and finite element methods.
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1. Introduction

Stress analysis of heterogeneous solids generally requires the
use of numerical approaches based on the finite element or
boundary element formulations. Both methods present diffi-
culties in dealing with problems involving infinite media or
multiple inclusions. It has been demonstrated that the volume
integral formulation can overcome both of these limitations in
heterogeneous problems involving infinite media [1, 2].

In contrast to the boundary integral equation method (BIEM),
since the continuity condition at each interface is automati-
cally satisfied in the volume integral equation formulation, it
is not necessary to apply continuity conditions at each inter-
face. Also, the method is not sensitive to the geometry of the
inclusions. Moreover, in contrast to FEM, where the full do-
main needs to be discretized, the VIEM requires discretization
of the multiple inclusions only.

The problem of a single inclusion or multiple inclusions in
an infinite elastic solid under uniaxial tension has been exam-
ined by several authors (e.g., Eshelby [3], Hashin [4], Achen-
bach and Zhu [5], Christensen [6], Nimmer et al. [7], Zahl and
Schmauder [8], Lee and Mal [9], Naboulsi [10], Aghdam and
Falahatgar [11], Lee et al. [12], Ju and Ko [13] and Lee [14]).

¥ This paper was recommended for publication in revised form by Associate Editor
Chang-Wan Kim

“Corresponding author. Tel.: +82 41 860 2619, Fax.: +82 41 866 9129
E-mail address: inq3jkl@wow.hongik.ac kr

© KSME & Springer 2010

The problem of a single void or inclusion or multiple inclu-
sions in an infinite elastic solid under in-plane shear has also
been investigated by several authors (e.g., Jeffery [15], Ghosh
and Ramberg [16], Cherkaev et al. [17], Shen et al. [18],
Schmid [19], Schmid and Podladchikov [20], Treagus and
Lan [21], Shimomura and Hasegawa [22], Vigdergauz [23]
and Wang et al. [24]).

This paper is concerned with the analysis of the stress field
in a heterogeneous elastic solid containing square and hex-
agonal packing of elastic isotropic circular inclusions embed-
ded in an unbounded isotropic elastic matrix subject to remote
uniaxial tension or in-plane shear using the volume integral
equation method. The inclusions and the matrix are assumed
to be isotropic. Of particular interest here is the influence of
the geometry and number of inclusions and various fiber vol-
ume fractions on the stress field at the interface between the
matrix and the central inclusion for square and hexagonal
packing of the inclusions where the fiber volume fraction var-
ies from 0.20 to 0.50 in increments of 0.05. It is demonstrated
that the volume integral equation method is very accurate and
effective for investigating the local stresses in composites
containing multiple fibers.

2. Volume integral equation method

The geometry of the general elastostatic problem considered
here is shown in Fig. 1 where an unbounded isotropic elastic
solid containing inclusions of arbitrary shape is subjected to
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Fig. 1. Geometry of the general elastostatic problem.

prescribed loading at infinity. Let cijkl(') denote the elastic stiff-
ness tensor of the inclusion and cijkl(z) those of the isotropic
matrix material. The matrix is assumed to be homogeneous
and isotropic so that cijk]m is a constant isotropic tensor, while
cijkl(l) is arbitrary, i.e., the inclusions may, in general, be inho-
mogeneous and anisotropic. The interfaces between the inclu-
sions and the matrix are assumed to be perfectly bonded en-
suring continuity of the displacement and stress vectors.

Mal and Knopoft [25] and Lee and Mal [1] have shown that
the elastostatic displacement in the composite satisfies the
volume integral equation,

t, () =1 ()= [pdes g, @ xu Q) (1)

where the integral is over the whole space, dcijq= cijkl(l) - cijkl(z),
and g™ (&, x) is the static Green’s function (or Kelvin’s solu-
tion) for the unbounded matrix material, i.e., g™ (§, x) repre-
sents the ith component of the displacement at & due to unit
concentrated force at x in the mth direction. In Eq. (1), the
summation convention and comma notation have been used
and the differentiations are with respect to &. The integrand is
non-zero within the inclusions only, since dc;jq = 0, outside the
inclusions.

If x € R, then Eq. (1) is an integrodifferential equation for
the unknown displacement vector u (X), and it can, in principle,
be determined through the solution of Eq. (1). An algorithm
based on the discretization of Eq. (1) was developed in Lee
and Mal [1, 2] to determine u (x) by discretizing the inclusions
using standard finite elements. Once u (x) within the inclu-
sions is determined, the displacement field in the matrix can
be obtained from Eq. (1) by evaluating the integral. The stress
field within and outside the inclusions can also be determined
in a similar manner. Details of the numerical treatment of Eq.
(1) for plane elastodynamic and elastostatic problems can be
found in [1, 2]. A detailed explanation for the volume integral
equation method involving multiple isotropic inclusions in the
unbounded isotropic matrix can also be found in Section 4.3
“Volume Integral Equation Method” by Buryachenko [26].

3. Multiple inclusion problems

We consider plane strain problems for multiple isotropic cy-
lindrical inclusions in the unbounded isotropic matrix under
uniform remote tensile loading, o,,’, as shown in Fig. 2 and

under remote in-plane shear, o,,’, as shown in Fig. 3.
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Fig. 2. Multiple isotropic cylindrical inclusions in the unbounded iso-
tropic matrix under uniform remote tensile loading.

-

VIEM Matrix(Az. us)

N

RN

Fig. 3. Multiple isotropic cylindrical inclusions in the unbounded iso-
tropic matrix under remote in-plane shear loading.

A detailed analysis of the stress field at the interface between
the matrix and the central isotropic inclusion is carried out for
square and hexagonal packing containing different numbers of
inclusions in the unbounded matrix where the fiber volume
fraction is 0.20, 0.25, 0.30, 0.35, 0.40, 0.45, and 0.50.

For this problem, it is most advantageous to apply the vol-
ume integral equation method [1, 26]. This is due to the fact
that, in contrast to the boundary integral equation method
(BIEM), since the continuity condition at each interface is
automatically satisfied in the volume integral equation formu-
lation, it is not necessary to apply continuity conditions at each
interface. Also, the method is not sensitive to the geometry,
anisotropy, and inhomogeneity of the inclusions. Moreover, in
contrast to FEM, where the full domain needs to be discretized,
the VIEM requires discretization of the multiple inclusions
only. Specifically, when the fiber volume fraction varies from
0.20 to 0.50 in increments of 0.05, the position of the inclu-
sions only needs to be changed in the VIEM model.

3.1 Green's function for the unbounded isotropic material

In Eq. (1), g™ (&, x) is Green’s function for the unbounded
isotropic matrix material and is given by Banerjee [27]
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Table 1. Material properties of the isotropic matrix and the isotropic
inclusion for the elastostatic problems.

Table 3. Fiber separation distances according to different fiber volume
fractions.

(Unit: GPa) Isotropic Matrix Isotropic Inclusion . Fiber separation distance
Fiber volume . . .
A 67.34 176.06 fraction (c) / Radius of inclusion (d/a)
u 3788 176.06 Square array Hexagonal array
0.20 3.9633 4.2589
0.25 3.5449 3.8093
Table 2. Normalized tensile stress component (6,/0y") within the
isotropic cylindrical inclusion due to uniform remote tensile loading 0.30 3.2360 34774
(6x°). 0.35 2.9960 3.2194
0.40 2.8025 3.0115
Normalized tensile stress component inside the isotropic inclusion 0.45 2.6422 2.8392
Exact 1.3167 0.50 2.5066 2.6935
VIEM 1.3167 (Average)
y Isotropic Inclusion
’
B=] 80r By
§i .._r_.__.__.. X

Fig. 4. A typical discretized model in the volume integral equation
method.

g’B: Atu ﬂ+3'ulnr§ +r rﬂ], 2
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wherer=|x-&|and a, f =1, 2 and A, p are the Lamé con-
stants for the unbounded isotropic matrix material.

3.2 Multiple inclusion problems under uniform remote ten-
sile loading

We first consider plane strain problems for multiple isotropic
cylindrical inclusions in the unbounded isotropic matrix under
remote tensile loading, 6,,°, as shown in Fig. 2.

3.2.1 Single inclusion problem

To check the accuracy of the volume integral equation
method, we first consider a single isotropic cylindrical inclu-
sion in the unbounded isotropic matrix under uniform remote
tensile loading. The elastic constants for the isotropic matrix
and the isotropic inclusion are listed in Table 1.

Fig. 4 shows a typical discretized model used in the VIEM
[28]. A total of 256 standard eight-node quadrilateral and six-
node triangular elements were used in the VIEM. The number
of elements, 256, was determined based on a convergence test.
Table 2 shows the comparison between the well-known ana-
lytical solution (see, e.g., Mal and Singh [29]) and the numeri-
cal solution using VIEM for the normalized tensile stress
component (G,,/Cy, ) Within the isotropic inclusion under uni-

0

VIEM

Fig. 5. A typical discretized model in the volume integral equation
method.

form remote tensile loading (o,,’). As expected, the tensile
stress component inside the isotropic inclusion was found to
be constant [1,29]. It can be seen that there is excellent agree-
ment between the two sets of results.

3.2.2 Square packing of isotropic inclusions

Next, in order to analyze multiple-inclusion interactions, the
square packing of (a) 9 inclusions, (b) 25 inclusions, and (c)
49 inclusions is considered where the fiber volume fraction is
0.20, 0.25, 0.30, 0.35, 0.40, 0.45 and 0.50. The elastic con-
stants for the isotropic matrix and the isotropic inclusion are
listed in Table 1. Table 3 shows fiber separation distances
according to different fiber volume fractions. For example, the
square packing sequence leads to a fiber separation distance d
=2.996a for ¢ = 0.35, where ‘a’ represents the radius of each
fiber.

Fig. 5 shows a typical discretized model used in the VIEM
for a square packing sequence [28]. The standard eight-node
quadrilateral and six-node triangular elements were used in the
discretization. The number of elements used in each inclusion
was 256 and was determined based on a convergence test.

Fig. 6 shows the normalized tensile stress component
(0,/0x) at the interface between the matrix and the central
inclusion for models containing a single inclusion and three
different numbers (9, 25 and 49) of square arrays of inclusions
where the fiber volume fraction (c¢) varies from 0.20 to 0.50 in
increments of 0.05 (8 = 0°~360°). The interaction effect of a
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Fig. 6. Normalized tensile stress component (6,,/0x,’) at the interface

between the central isotropic inclusion and the isotropic matrix under
uniform remote tensile loading for the square packing of inclusions.

square array of inclusions on the normalized tensile stress
component (c,,/0,,’) at the interface between the matrix and
the central inclusion appears to be minimal for the same fiber
volume fraction. However, as the fiber volume fraction in-
creases, the normalized tensile stress component (6,,/c,,") at
the interface between the matrix and the central inclusion dif-
fers noticeably for each case. This is because the interaction
effect of a square array of inclusions on the normalized tensile
stress component at the interface appears to become stronger
as the fiber volume fraction increases.

i 4t b

(©

Fig. 7. A typical discretized model in the finite element method for a
square inclusion packing array.

3.2.3 Verification of the VIEM solution

To check the accuracy of the volume integral equation
method solution, the numerical solution using the volume
integral equation method for square packing of nine inclusions
with a volume concentration, ¢ = 0.35, was compared with a
numerical solution using the commercial finite element code
ADINA [30].

Fig. 7 shows a typical finite element model using ADINA.
Fig. 7(a) shows the total model, Fig. 7(b) shows an expanded
view of the mesh surrounding the square packing of nine in-
clusions (represented as @), and Fig. 7(c) shows an expanded
view of the mesh surrounding the central inclusion (repre-
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Fig. 8. Comparison of numerical solutions using the volume integral
equation method and ADINA for the normalized tensile stress compo-
nent (ox/0x’) at the interface between the central isotropic inclusion
and the isotropic matrix under uniform remote tensile loading for a
square packing of inclusions.

sented as B). The standard four-node quadrilateral and three-
node triangular elements were used in the discretization. The
total number of elements used in the model was 121,600. To
capture the accurate stress distribution at the interface between
the matrix and the central inclusion, very refined finite ele-
ments were used near the interfaces. The infinite dimensions
of the matrix were approximated to be 22.5a in length, where
‘a’ represents the diameter of each inclusion. It can be easily
seen that the discretized model in the volume integral equation
method in Fig. 5 is much more effective than the discretized
model in the finite element method in Fig. 7. In contrast to
FEM, where the full domain needs to be discretized, the
VIEM requires discretization of the multiple inclusions only.
Specifically, when the fiber volume fraction varies from 0.20
to 0.50 in increments of 0.05, the position of the inclusions
only needs to be changed in the VIEM model. Fig. 8 shows
the comparison between the numerical solutions using VIEM
and ADINA for the normalized tensile stress component
(0,x/0x ) at the interface between the matrix and the central
inclusion (8 = 0°~360°). It can be seen that there is excellent
agreement between the two sets of results [31].

3.2.4 Hexagonal packing of isotropic inclusions

Next, in order to analyze multiple-inclusion interactions,
hexagonal packing of (a) 7 inclusions, (b) 19 inclusions, and
(c) 37 inclusions is considered where the fiber volume fraction
is 0.20, 0.25, 0.30, 0.35, 0.40, 0.45 and 0.50. The elastic con-
stants for the isotropic matrix and the isotropic inclusion are
listed in Table 1. Table 3 shows fiber separation distances
according to different fiber volume fractions. For example, the
hexagonal packing sequence leads to a fiber separation dis-
tance d = 3.2194a for ¢ = 0.35, where ‘a’ represents the radius
of each fiber.

Fig. 9 shows a typical discretized model used in the VIEM
for a hexagonal packing sequence [28]. The standard eight-
node quadrilateral and six-node triangular elements were used

Fig. 9. A typical discretized model in the volume integral equation
method for a hexagonal inclusion packing array.

in the discretization.

Fig. 10 shows the normalized tensile stress component
(0,/0x) at the interface between the matrix and the central
inclusion for models containing a single inclusion and three
different numbers (7, 19 and 37) of hexagonal arrays of inclu-
sions where the fiber volume fraction is 0.20, 0.25, 0.30, 0.35,
0.40, 0.45 and 0.50 (6 = 0°~360°). The interaction effect of a
hexagonal array of inclusions on the normalized tensile stress
component (c,,/c,,") at the interface between the matrix and
the central inclusion appears to be minimal for the same fiber
volume fraction. However, as the fiber volume fraction in-
creases, the normalized tensile stress component (c,,/0,,") at
the interface between the matrix and the central inclusion dif-
fers noticeably for each case. This is because the interaction
effect of a hexagonal array of inclusions on the normalized
tensile stress component at the interface appears to become
stronger as the fiber volume fraction increases.

Figs. 6 and 10 show that the normalized tensile stress com-
ponent at the interface between the matrix and the central in-
clusion differs noticeably between square and hexagonal ar-
rays of inclusions.

3.3 Mulfiple inclusion problems under remote in-plane shear

We next consider plane strain problems for multiple iso-
tropic cylindrical inclusions in the unbounded isotropic matrix
under remote in-plane shear, o,,’, as shown in Fig. 3.

3.3.1 Single inclusion problem

To check the accuracy of the volume integral equation
method, we first consider a single isotropic cylindrical inclu-
sion in the unbounded isotropic matrix under remote in-plane
shear. The elastic constants for the isotropic matrix and the
isotropic inclusion are listed in Table 1.

Fig. 4 shows a typical discretized model used in the VIEM
[28]. A total of 256 standard eight-node quadrilateral and six-
node triangular elements were used in the VIEM.

Table 4 shows the comparison between the well-known
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Table 4. Normalized shear stress component (Gx,/Gy,”) Within the iso-
tropic cylindrical inclusion due to remote in-plane shear (o).

Normalized shear stress component inside the isotropic inclusion
1.4056
1.4056 (Average)

Exact

VIEM
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Fig. 10. Normalized tensile stress component (cx./0xx’) at the interface
between the central isotropic inclusion and the isotropic matrix under

uniform remote tensile loading for the hexagonal packing of inclu-
sions.

analytical solution (see, e.g., Wang et al. [24]) and the numeri-
cal solution using VIEM for the normalized shear stress com-
ponent (o,,/0y,’) within the isotropic inclusion under remote
in-plane shear (o,,”). As expected, the shear stress component
inside the isotropic inclusion was found to be constant [1,24].
It can be seen that there is excellent agreement between the
two sets of results.

3.3.2 Square packing of isotropic inclusions

Next, in order to analyze multiple-inclusion interactions,
square packing of (a) 9 inclusions, (b) 25 inclusions, and (c)
49 inclusions is considered where the fiber volume fraction is
0.20, 0.25, 0.30, 0.35, 0.40, 0.45 and 0.50. The elastic con-
stants for the isotropic matrix and the isotropic inclusion are
listed in Table 1. Table 3 shows fiber separation distances
according to different fiber volume fractions. For example, the
square packing sequence leads to a fiber separation distance d
= 2.8025a for ¢ = 0.40, where ‘a’ represents the radius of each
fiber.

Fig. 5 shows a typical discretized model used in the VIEM
for a square packing sequence [28].

Fig. 11 shows the normalized shear stress component
(04/0,) at the interface between the matrix and the central
inclusion for models containing a single inclusion and three
different numbers (9, 25 and 49) of square arrays of inclusions
where the fiber volume fraction is 0.20, 0.25, 0.30, 0.35, 0.40,
0.45 and 0.50 (6 = 0°~360°). The interaction effect of a square
array of inclusions on the normalized shear stress component
(04/0y,’) at the interface between the matrix and the central
inclusion appears to be minimal for the same fiber volume
fraction. However, as the fiber volume fraction increases, the
normalized shear stress component (o,,/c,,”) at the interface
between the matrix and the central inclusion differs noticeably
for each case. This is because the interaction effect of a square
array of inclusions on the normalized shear stress component
at the interface appears to become stronger as the fiber volume
fraction increases.

3.3.3 Hexagonal packing of isotropic inclusions

Next, in order to analyze multiple-inclusion interactions,
hexagonal packing of (a) 7 inclusions, (b) 19 inclusions, and
(c) 37 inclusions is considered where the fiber volume fraction
is 0.20, 0.25, 0.30, 0.35, 0.40, 0.45 and 0.50. The elastic con-
stants for the isotropic matrix and the isotropic inclusion are
listed in Table 1. Table 3 shows fiber separation distances
according to different fiber volume fractions. For example, the
hexagonal packing sequence leads to a fiber separation dis-
tance d = 3.0115a for ¢ = 0.40, where ‘a’ represents the radius
of each fiber.

Fig. 9 shows a typical discretized model used in the VIEM
for a hexagonal packing sequence [28].

Fig. 12 shows the normalized shear stress component
(04/0y,’) at the interface between the matrix and the central
inclusion for models containing a single inclusion and three
different numbers (7, 19 and 37) of hexagonal arrays of inclu-
sions where the fiber volume fraction is 0.20, 0.25, 0.30, 0.35,
0.40, 0.45 and 0.50 (6 = 0°~360°). The interaction effect of a
hexagonal array of inclusions on the normalized shear stress
component (c,,/0,,”) at the interface between the matrix and
the central inclusion appears to be minimal for the same fiber
volume fraction. However, as the fiber volume fraction in-
creases, the normalized shear stress component (,,/c,,") at the
interface between the matrix and the central inclusion differs
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noticeably for each case. The reason is that the interaction
effect of a hexagonal array of inclusions on the normalized
shear stress component at the interface appears to become
stronger as the fiber volume fraction increases.

Figs. 11 and 12 show that the normalized shear stress com-
ponent at the interface between the matrix and the central in-
clusion differs significantly between square and hexagonal
arrays of inclusions.

4. Conclusions

First, the interaction effect of square and hexagonal arrays of
isotropic inclusions on the tensile stress component at the
interface between the isotropic matrix and the central isotropic
inclusion under uniform remote tensile loading was investi-
gated where the fiber volume fraction was 0.20, 0.25, 0.30,
0.35, 0.40, 0.45 and 0.50. The interaction effect of square and
hexagonal arrays of isotropic inclusions on the tensile stress
component at the interface was minimal for the same fiber
volume fraction. However, the interaction effect of square and
hexagonal arrays of isotropic inclusions on the normalized
tensile stress component at the interface became stronger as
the fiber volume fraction increased.

Second, in order to check the accuracy of the volume inte-
gral equation method solution, the numerical solution using
the volume integral equation method for square packing of
nine inclusions with a volume concentration, ¢ = 0.35, was
compared to a numerical solution using the commercial finite
element code ADINA [30]. There was excellent agreement
between the two sets of results. Moreover, in contrast to FEM,
where the full domain needs to be discretized, it was deter-
mined that the VIEM requires discretization of the multiple
inclusions only. Particularly, when the fiber volume fraction
varies from 0.20 to 0.50 in increments of 0.05, the position of
the inclusions only needs to be changed in the VIEM model.

Third, the interaction effect of square and hexagonal arrays
of isotropic inclusions on the shear stress component at the
interface between the isotropic matrix and the central isotropic
inclusion under remote in-plane shear was investigated where
the fiber volume fraction was 0.20, 0.25, 0.30, 0.35, 0.40, 0.45
and 0.50. The interaction effect of square and hexagonal ar-
rays of isotropic inclusions on the shear stress component at
the interface was minimal for the same fiber volume fraction.
However, the interaction effect of square and hexagonal arrays
of isotropic inclusions on the normalized shear stress compo-
nent at the interface became stronger as the fiber volume frac-
tion increased.

Fourth, as expected, it was determined that the normalized
tensile stress component at the interface between the matrix
and the central inclusion for square and hexagonal arrays of
inclusions differs significantly from the normalized shear
stress component at the interface between the matrix and the

central inclusion for square and hexagonal arrays of inclusions.

Therefore, it is necessary to model the fibers under various
types of loading conditions in order to accurately predict the

failure and damage mechanisms in real composites.

Finally, through the analysis of plane elastostatic problems
in an unbounded isotropic matrix with multiple isotropic in-
clusions, it was determined that the VIEM is very accurate and
effective for investigating the stresses in composites contain-
ing arbitrary geometry and multiple isotropic inclusions.
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